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In this paper, we discuss the Higgs vacuum stability around evaporating black holes. We provide
a new approach to investigate the false vacuum decay around the black hole and clearly show how
vacuum fluctuations of the Higgs induce a gravitational collapse of the vacuum. Furthermore, we
point out that the backreaction of the Hawking radiation can not be ignored and the gravitational
vacuum decay is exponentially suppressed. However, a large number of the evaporating (or evap-
orated) primordial black holes threaten the existence of the Universe and we obtain a new upper
bound on the evaporating PBH abundance from the vacuum stability. Finally, we show that the
high-order corrections of the BSM or QG would not destabilize the Higgs potential, otherwise even
a single evaporating black hole triggers a collapse of the electroweak vacuum.
I. INTRODUCTION
In the late 1970s, Hawking [1] showed that black
holes emit thermal radiation at the Hawking tempera-
ture TH = 1/(8piMBH) due to quantum particle creation
on strong gravitational field 1 where MBH is the black-
hole mass. The quantum particle creation around the
black hole determines the fate of the evaporating black
hole which is still unknown and closely related with the
information loss puzzle [2], and furthermore, leads to the
spontaneous symmetry restoration [3] or the false vac-
uum decay around the black hole [4–6] which bring cos-
mological singular possibility. The latter case can also be
interpreted as the catalysis induced by vacuum fluctua-
tions around the black hole.
One of the most curious puzzles of the observed Higgs
boson at the LHC experiment [7–10] is that the effec-
tive Higgs potential develops an instability at the scale
ΛI ≈ 1011 GeV 2 where we assume no corrections of the
beyond Standard Model (BSM) and the quantum grav-
ity (QG) [19–22]. Thus, the current electroweak vac-
uum state of the Universe is not stable, and finally col-
lapses through quantum tunneling [23–25] although the
timescale of the decay is longer than the age of our Uni-
verse [26–29]. However, vacuum fluctuations induced by
the strong gravitational field drastically change the sta-
bility of the electroweak vacuum. The recent works sug-
∗ kohri@post.kek.jp
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1 In the present paper we use natural units where ~ = c = kB =
G = 1.
2 The instability scale ΛI is generally determined by the value of
the Higgs boson mass mh and the top quark mass mt. The
current observed masses of the Higgs boson mh = 125.09 ±
0.21(stat) ± 0.11(syst) GeV [7–10] and the top quark mt =
172.44 ± 0.13(stat) ± 0.47(syst) GeV [11] suggest the instabil-
ity scale to be ΛI ≈ 1011 GeV [12] although this instability scale
ΛI has the gauge dependence (see [13–18] for the detail).
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FIG. 1. The schematic diagram of the effective Higgs poten-
tial around evaporating black hole. The back-reaction of the
Hawking radiation around the black hole stabilizes the Higgs
potential at TH & ΛI . The figure sets the present best-fit val-
ues of mh and mt, and takes different Hawking temperatures
TH = 10
9.0 − 1010.2 GeV for the Higgs potential on Eq. (20).
gest that the electroweak vacuum is generally unstable on
various gravitational or cosmological backgrounds, e.g.
during inflation [30–40] corresponding to de-Sitter space-
time, after inflation [41–46] and around evaporating black
holes [47–53]. In particular, recent discussion about the
electroweak vacuum stability around evaporating black
holes has been growing. The black holes emitting the
Hawking radiation reduce the mass and finally evapo-
rate. At the final stage of evaporating black holes, the
Hawking temperature is extremely high and the influence
of the vacuum stability can not be ignored [52–55]. Gen-
erally, there are no mechanisms to prevent the formation
of such small black holes which finally evaporates during
the history of the Universe. In particular, the primordial
black holes (PBH) formed by large density fluctuations
in the early Universe [56–58] are incompatible with the
Higgs vacuum stability [54, 59]. These phenomena could
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2imposed serious constraints on the cosmology or the Par-
ticle Physics beyond the Standard Model.
However, there is some controversy about how evap-
orating black holes trigger off the Higgs vacuum decay.
The analysis [47–49] of the false vacuum decay around
black holes by the Coleman-De Luccia (CDL) instan-
ton formalism [60] obscure the dependence of the quan-
tum particle creation around the black hole. Further-
more, the back-reaction of the Hawking radiation with
TH = 1/(8piMBH) can not be ignored as the de Sitter
spacetime [61], and it is reasonable intuitively to assume
the Higgs potential [62–66] at finite temperature instead
of the zero-temperature in the environment of the ther-
mal Hawking flux. The thermal corrections can gener-
ally stabilize the Higgs potential (see Fig. 1), and the
possibility of the Higgs vacuum decay around black holes
would be expected to be lower than what was consid-
ered. Besides the backreaction issues of the Hawking
radiation, the CDL instanton formalism is physically ob-
scure, and therefore, one needs an another derivation of
the decay rate without relying on instanton methods 3.
In de Sitter space it is well known that one can get the
probability of tunneling to true vacuum by two-point cor-
relation function
〈
δφ2
〉
[68]. The decay probability using
the two-point correlation function which describes the
vacuum fluctuations in quantum field theory (QFT) pre-
cisely match the Euclidean correct results [69–71].
In accordance to this sprit we investigate how vacuum
fluctuations around black holes trigger off the Higgs vac-
uum decay by using the two-point correlation function〈
δφ2
〉
. We discuss the renormalized expression of the
correlation function
〈
δφ2
〉
ren
[72] for three possible vacua
which are Boulware, Unruh and Hartle-Hawking vacuum
in Schwarzschild spacetime, and confirm that the Unruh
vacuum is an appropriate vacuum which describes evap-
orating black holes. By using the renormalized two-point
correlation function
〈
δφ2
〉
ren
in Unruh vacuum we pro-
vide a new approach to investigate the false vacuum de-
cay around evaporating black holes and apply the Higgs
vacuum stability. Furthermore we clearly show that the
backreaction of the Hawking radiation can not be phys-
ically ignored and the vacuum fluctuations stabilize the
effective Higgs potential. Finally, based on the consider-
ation, we discuss cosmological constraints on the PBHs
due to the vacuum stability of the Higgs. We find that
just one evaporating PBH does not cause a collapse of
the electroweak vacuum, but on the other hand a large
number of PBHs is real serious. In this paper, we provide
a quantitative description of the Higgs vacuum stability
around evaporating black holes and get a new bound of
the PBHs.
The organization of this paper is as follows. In Sec. II,
we introduce renormalized vacuum fluctuations for var-
ious vacua in Schwarzschild spacetime. In Sec. III, we
3 The stochastic approach of the false vacuum decay in the black
hole background was investigated by [67].
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FIG. 2. The Penrose-Carter diagram of the maximally ex-
tended Schwarzschild manifold. Regions I or II are asymp-
totically flat, Region III is the black hole, and Region IV is
the white hole. H+ corresponds to the (future) black hole
horizon, H− is the (past) black hole horizon, J+ corresponds
to the (future) null infinity and J− is the (past) null infinity.
argue how vacuum fluctuations around evaporating black
holes modify the Higgs potential. In Sec. IV, we discuss
stabilities of the electroweak vacuum around the block
hole and give a cosmological constraint of the PBHs. Sec.
V is devoted to our conclusions and future outlooks.
II. THE VACUUM FLUCTUATIONS AROUND
SCHWARZSCHILD BLACK HOLE
Formally, quantum effects of the vacuum fluctuations
are described by the vacuum expectation value of the
energy momentum tensor 〈Tµν〉 or the correlation func-
tion
〈
δφ2
〉
in the quantum field theory (QFT) in curved
spacetime. The former 〈Tµν〉 provides a exact descrip-
tion of the quantum back-reaction on the geometry, and
it is crucial to determine the stability of the background
spacetime and the fate of the evaporating black hole. The
two-point correlation function
〈
δφ2
〉
corresponds to the
vacuum fluctuation and plays essential role in the vac-
uum stability. But the correlation function usually di-
verges and unphysical divergences must be eliminated by
the regularization and the renormalization method.
The renormalization of vacuum fluctuations for mass-
less scalar field in Schwarzschild spacetime has been well-
know and analytical estimation is possible. However, the
massive case requires complicated numerical calculations.
For briefness, in this section, we review the renormalized
vacuum fluctuations for the massless case in Boulware,
Unruh and Hartle-Hawking vacuum following [72] and
discuss which is an appreciate vacuum state to describe
the evaporating black hole.
The metric in the Schwarzschild coordinates (where we
ignore the quantum backreaction of the scalar field on the
geometry) can be written by
ds2 = −
(
1− 2MBH
r
)
dt2 +
dr2
1− 2MBH/r
3+ r2
(
dθ2 + sin2 θdϕ2
)
, (1)
which covers the exterior region r > 2MBH of the space-
time where MBH is the black hoe mass. The above singu-
larity at the horizon r = 2MBH can be removed by trans-
forming to Kruskal coordinates. By taking the Kruskal
coordinates, we obtain the following metric
ds2 =
32M3BH
r
e−r/2MBHdUdV
+ r2
(
dθ2 + sin2 θdφ2
)
, (2)
where these coordinates U and V are formally given by
U = −MBHe−u/4MBH , V = MBHev/4MBH ,
u = t− r − 2MBH ln
(
r
2MBH
− 1
)
, (3)
v = t+ r + 2MBH ln
(
r
2MBH
− 1
)
.
The Schwarzschild coordinates of Eq. (1) cover only a
part of the spacetime, whereas the Kruskal coordinates
of Eq. (2) cover the extended spacetime and is regu-
lar at the black hole horizon. These features of the
Schwarzschild geometry are summarized in the Penrose-
Carter diagrams as Fig. 2.
In curved spacetime, there is no unique vacuum and
we must take an appropriate vacuum state. In the
Schwarzschild spacetime, there are three well defined
vacua, namely: Boulware vacuum (vacuum state around
a static star) [73, 74], Unruh vacuum (black hole evap-
oration) [75] and Hartle-Hawking vacuum (black hole in
thermal equilibrium) [76] which correspond to the defi-
nitions of the normal ordering on the respective coordi-
nates.
The Klein-Gordon equation for the massless scalar field
φ (t, x) can be given by[−∂µgµν√−g∂ν]φ (t, x) = 0, (4)
where we drop the curvature term ξRφ2 because the Ricci
scalar becomes R = 0 in Schwarzschild spacetime 4 for
simplicity, but this approximation may brake down when
the quantum backreaction on the metric can not be ne-
glected. In the exterior region of Schwarzschild space-
time, the scalar field φ (t, r, θ, ϕ) is decomposed into the
from
φ (t, r, θ, ϕ) =
∫ ∞
0
dω
∞∑
l=0
l∑
m=−l
(
aωlmu
in
ωlm (5)
+ a†ωlmu
in∗
ωlm + bωlmu
out
ωlm + b
†
ωlmu
out∗
ωlm
)
,
4 The Kretschmann scalar K constructed of two Riemann tensors
is non-zero, i.e K = RabcdR
abcd = 48M2/r6.
where these mode functions uinωlm and u
out
ωlm defines the
vacuum state that aωlm |0〉 = bωlm |0〉 = 0 which corre-
sponds to the boundary conditions. In the Schwarzschild
spacetime, these mode functions uinωlm and u
out
ωlm for the
massless scalar field are given by
uinωlm = (4piω)
−1/2
Rinl (r;ω)Ylm (θ, ϕ) e
−iωt,
uoutωlm = (4piω)
−1/2
Routl (r;ω)Ylm (θ, ϕ) e
−iωt,
where these radial functions Rinl (r;ω) and R
out
l (r;ω)
have the well-known asymptotic forms,
Rinl (r;ω) '
{
Bl (ω) r
−1e−iωr∗ (r → 2MBH)
r−1e−iωr∗ +Ainl (ω) r
−1eiωr∗ (r →∞) ,
Routl (r;ω) '
{
r−1eiωr∗ +Aoutl (ω) r
−1e−iωr∗ (r → 2MBH)
Bl (ω) r
−1eiωr∗ (r →∞) .
Ainl (ω), A
out
l (ω) and Bl (ω) are the reflection and trans-
mission coefficients [77]. The Boulware vacuum |0B〉 is
defined by taking ingoing and outgoing modes to be pos-
itive frequency with respect to the Killing vector ∂t of
the Schwarzschild metric [73] and constructed by using
the scattering theory interpretation.
The two-point correlation function
〈
δφ2
〉
related with
the Boulware vacuum |0B〉 can be given by [72, 78]:〈
0B|δφ2 (x)|0B
〉
=
1
16pi2
∫ ∞
0
dω
ω
×
[ ∞∑
l=0
(2l + 1)
[∣∣Rinl (r;ω)∣∣2 + ∣∣Routl (r;ω)∣∣2]] , (6)
where the sum of these radial functions Rinl (r;ω) and
Routl (r;ω) have the asymptotic forms,
∞∑
l=0
(2l + 1)
∣∣Rinl (r;ω)∣∣2 ∼
{ ∑∞
l=0 (2l+1)|Bl(ω)|2
4M2BH
(r → 2MBH)
4ω2 (r →∞)
,
∞∑
l=0
(2l + 1)
∣∣Routl (r;ω)∣∣2 ∼
{
4ω2
1−2MBH/r (r → 2MBH)∑∞
l=0 (2l+1)|Bl(ω)|2
r2 (r →∞)
.
Thus, the two-point correlation function
〈
δφ2
〉
of Eq. (6)
has clearly divergences and must be regularized. There
are several regularization methods to eliminate the di-
vergences in the quantum field theory (QFT), but the
point-splitting regularization is an extremely powerful
and standard method to obtain the renormalized expres-
sion in curved spacetime. Let us consider temporarily
δφ2 (x) → δφ (x) δφ (x′) to remove the divergences and
afterwards take the coincident limit x′ → x,〈
δφ2 (x)
〉
ren
= lim
x′→x
[〈δφ (x)δφ (x′)〉 − 〈δφ (x)δφ (x′)〉div],
(7)
4where 〈δφ (x)δφ (x′)〉div express the divergence part and
is namely the DeWitt-Schwinger counter-term, which can
be generally given by [79]
〈δφ (x)δφ (x′)〉div =
1
8pi2σ
+
m2 + (ξ − 1/6)R
8pi2
×
[
γ +
1
2
ln
(
µ2σ
2
)]
− m
2
16pi2
+
1
96pi2
Rαβ
σ;ασ;β
σ
, (8)
where σ is the biscalar associated with the short geodesic,
R or Rαβ are respectively the Ricci scalar or tensor and
γ express the Euler-Mascheroni constant. The renormal-
ization parameter µ corresponds to the mass m of the
scalar field and the massless case lead to the well-known
ambiguity [80], but the renormalization procedure can
eliminate this ambiguity for 〈Tµν〉 by the cosmological
experiment or observation. In the Schwarzschild metric
for the massless scalar field where m = 0 and R = 0,
we can simplify the DeWitt-Schwinger counter-term of
〈δφ (x)δφ (x′)〉div to be,
〈δφ (x)δφ (x′)〉div =
1
8pi2σ
. (9)
For simplicity we take the time separation  between
x = (t, r, θ, ϕ) and x′ = (t+ , r, θ, ϕ) and the renormal-
ized expression of
〈
δφ2
〉
in the Boulware vacuum |0B〉 is
given by
〈
δφ2 (x)
〉
ren
= lim
→0
[
1
16pi2
∫ ∞
0
e−iω
ω
[ ∞∑
l=0
(2l + 1)
∣∣Rinl (r;ω)∣∣2
+
∣∣Routl (r;ω)∣∣2]dω − 18pi2σ ()
]
. (10)
Taking a second-order geodesic expansion we get the fol-
lowing expression [79]
σ () = −1− 2MBH/r
2
2 − M
2
BH (1− 2MBH/r)
24r4
4 +O
(
5
)
,
(11)
where −2 satisfy the following relation
−2 = −
∫ ∞
0
ωeiωdω. (12)
By using Eqs. (10), (11) and (12), we obtain the renor-
malized expression of the Boulware vacuum |0B〉 as fol-
lows [72],
〈
0B|δφ2 (x)|0B
〉
ren
=
1
16pi2
∫ ∞
0
dω
ω
(13)[ ∞∑
l=0
(2l + 1)
[∣∣Rinl (r;ω)∣∣2 + ∣∣Routl (r;ω)∣∣2]− 4ω21− 2MBH/r
]
− M
2
BH
48pi2r4 (1− 2MBH/r) .
For the Boulware vacuum |0B〉 we have the asymp-
totic expression of the renormalized vacuum fluctuations〈
δφ2
〉
ren
[72],
〈
0B|δφ2 (x)|0B
〉
ren
−→∞ (r → 2MBH) ,〈
0B|δφ2 (x)|0B
〉
ren
−→ 1/r2 (r →∞) ,
where the renormalized expression
〈
δφ2
〉
ren
is singular
on the event horizons r = 2MBH and ill-defined around
the black-hole horizon. In the case of the energy mo-
mentum tensor 〈Tµν〉, the renormalized expression of
the energy momentum tensor 〈Tµν〉ren has been given
by Refs.[72, 80–85] and shows similar properties to the
renormalized expression of
〈
δφ2
〉
ren
5. This state closely
reproduces the Minkowski vacuum |0M〉 at infinity be-
cause 〈0B| δφ2 |0B〉 → 1/r2 in the limit r →∞. However,
the Boulware vacuum is singular on the event horizon
r = 2MBH and hence unacceptable near the black-hole
horizon. Thus, the usual interpretation of the above re-
sult is that the Boulware vacuum |0B〉 is considered to
be the appropriate vacuum state around a static star and
not a black hole.
Next, let us consider the Unruh vacuum |0U〉 which is
formally defined by taking ingoing modes to be positive
frequency with respect to ∂t, but outgoing modes to be
positive frequency with respect to the Kruskal coordinate
∂U [75]. For the Unruh vacuum we obtain the two-point
correlation function
〈
δφ2
〉
[72, 78],
〈
0U|δφ2 (x)|0U
〉
=
1
16pi2
∫ ∞
0
dω
ω
(14)[ ∞∑
l=0
(2l + 1)
[∣∣Rinl (r;ω)∣∣2 + coth(piωκ ) ∣∣Routl (r;ω)∣∣2]
]
,
where we introduce κ = (4MBH)
−1 which is the surface
gravity of the black hole and the factor of coth
(
piω
κ
)
orig-
inates from the thermal features of the outgoing modes.
The renormalized vacuum fluctuations in the Unruh vac-
5 For the Boulware vacuum |0B〉 the renormalized energy momen-
tum tensor 〈Tµν〉ren is given by
〈
0B|T νµ |0B
〉
ren
−→ − 1
30 · 212pi2M4BH (1− 2MBH/r)2
×

−1 0 0 0
0 1/3 0 0
0 0 1/3 0
0 0 0 1/3
 (r → 2MBH) ,
〈
0B|T νµ |0B
〉
ren
−→ 1/r6 (r →∞) ,
where the renormalized expression of 〈Tµν〉ren for |0B〉 produces
a negative energy density divergence at the black-hole horizon
r = 2MBH. This fact originates from the infinite blueshift of the
negative energy.
5uum |0U〉 are given by
〈
0U|δφ2 (x)|0U
〉
ren
=
1
16pi2
∫ ∞
0
dω
ω
(15)[ ∞∑
l=0
(2l + 1)
[∣∣Rinl (r;ω)∣∣2 + coth(piωκ ) ∣∣Routl (r;ω)∣∣2]
− 4ω
2
1− 2MBH/r
]
− M
2
BH
48pi2r4 (1− 2MBH/r) .
For the Unruh vacuum |0U〉, we can get an asymptotic
expression of the renormalized vacuum fluctuations,
〈
0U|δφ2 (x)|0U
〉
ren
−→ 1
192pi2M2BH
− 1
32pi2M2BH
∫ ∞
0
dωω
∑∞
l=0 (2l + 1)|Bl (ω)|2
ω
(
e2piω/κ − 1) (r → 2MBH) ,〈
0U|δφ2 (x)|0U
〉
ren
−→ 1/r2 (r →∞) .
which corresponds to the evaporating black hole. The
Unruh vacuum |0U〉 corresponds to the state where the
black hole radiates at the Hawking temperature TH =
1/(8piMBH) in the empty space, and therefore, the vac-
uum fluctuations
〈
δφ2
〉
approache the thermal fluctua-
tions near the black-hole horizon to be 〈0U| δφ2 |0U〉 →
O (T 2H) in the limit r → 2MBH. Thus, the Unruh vac-
uum is considered to be an appropriate vacuum which
describe the evaporating black hole formed by gravita-
tional collapse.
Finally, we discuss the Hartle-Hawking Vacuum |0HH〉
which is formally defined by taking ingoing modes to
be positive frequency with respect to ∂V , and outgo-
ing modes to be positive frequency with respect to the
Kruskal coordinate ∂U [76]. In the Hartle-Hawking vac-
uum |0HH〉, we can get,
〈
0HH|δφ2 (x)|0HH
〉
=
1
16pi2
∫ ∞
0
dω
ω
(16)[
coth
(piω
κ
) ∞∑
l=0
(2l + 1)
[∣∣Rinl (r;ω)∣∣2 + ∣∣Routl (r;ω)∣∣2]
]
.
For |0HH〉, we obtain the asymptotic expression of the
renormalized vacuum fluctuations,
〈
0HH|δφ2 (x)|0HH
〉
ren
−→ 1
192pi2M2BH
(r → 2MBH) ,〈
0HH|δφ2 (x)|0HH
〉
ren
−→ T 2H/12 (r →∞) ,
where
〈
δφ2
〉
ren
becomes exactly the thermal fluctuation
at infinity, i.e 〈0HH| δφ2 |0HH〉 → T 2H/12 in the limit r →
∞. Thus, the Hartle-Hawking vacuum corresponds to a
black hole in thermal equilibrium at TH. If we consider
the vacuum fluctuations around the black hole without
no thermal radiation, i.e. the temperature of the universe
is lower than the Hawking temperature TH, this vacuum
state is not adequate to describe the evaporation of the
black hole.
The analytic approximations of
〈
δφ2
〉
ren
and 〈Tµν〉ren
in Schwarzschild spacetime for the various vacua (Boul-
ware, Unruh vacuum and Hartle-Hawking) and the var-
ious fields of spin 0, 1/2 and 1 has been studied by
Ref.[72, 80–95]. The renormalized expression of the var-
ious fields are proportional to the inverse of the black-
hole mass MBH near the black-hole horizon and approxi-
mately approach the thermal fluctuations with the Hawk-
ing temperature TH besides the Boulware vacuum. The
quantum effects of the vacuum fluctuations expressed by〈
δφ2
〉
ren
and 〈Tµν〉ren determine the vacuum stability and
the evaporation of the black hole. We recall that the Un-
ruh vacuum is an appropriate vacuum state describing
the vacuum fluctuations around evaporating black holes.
Thus, it is reasonable to assume that the vacuum fluctu-
ations of the various field like the Higgs, W and Z bosons
and the top quark approximately approach the Hawking
thermal fluctuations around the black hole horizon,〈
δφ2
〉
ren
≈ 〈δW 2〉
ren
≈ 〈δZ2〉
ren
≈ 〈δt2〉
ren
(17)
≈ T
2
H
3
− 2T 2H
∫ ∞
0
dωω
∑∞
l=0 (2l + 1)|Bl (ω)|2
ω
(
e2piω/κ − 1) .
III. THE HIGGS POTENTIAL AROUND
EVAPORATING BLOCK HOLES
In this section we consider the standard model (SM) ef-
fective Higgs potential Veff (φ) around evaporating block
holes where φ is the Higgs field. The one-loop Higgs po-
tential in ’t Hooft-Landau gauge and MS scheme is given
by [96–98],
Veff (φ) = ρΛ(µ) +
m2φ(µ)
2
φ2 +
λφ(µ)
4
φ4
+
∑
i=W,Z,t,G,H
niM
4
i (φ)
64pi2
[
log
M2i (φ)
µ2
− Ci
]
, (18)
The coefficients ni and Ci are given by
nW = 6, nZ = 3, nt = −12, nG = 3, nH = 1,
CW = CZ = 5/6, Ct = CG = CH = 3/2,
and the mass terms m2i (φ) of the W and Z bosons, the
top quark, the Nambu-Goldstone bosons, and the Higgs
boson are give by
m2W =
1
4
g2φ2, m2Z =
1
4
[
g2 + g′2
]
φ2, m2t =
1
2
y2t φ
2,
m2G = m
2
φ + λφφ
2, m2H = m
2
φ + 3λφφ
2,
where g, g′, yt are the SU(2)L, U(1)Y , top Yukawa cou-
plings and λφ is the Higgs self-coupling. The potential
of Eq. (19) express the Higgs effective potential in flat
spacetime, not curved spacetime. Actually, we must in-
clude the backreaction from the vacuum fluctuations of
6the various fields into the Higgs potential. The modified
effective Higgs potential including the Higgs, W and Z
bosons and top quark vacuum fluctuations can be given
by [35]:
Veff (φ) = ρΛ(µ) +
m2φ(µ)
2
φ2 +
λφ(µ)
4
φ4
+
3λ(µ)
2
〈
δφ2
〉
ren
φ2 +
g2(µ)
8
〈
δW 2
〉
ren
φ2
+
[
g2(µ) + g′2(µ)
]
8
〈
δZ2
〉
ren
φ2 +
y2t (µ)
4
〈
δt2
〉
ren
φ2
+
∑
i=W,Z,t,G,H
niM
4
i (φ)
64pi2
[
log
M2i (φ)
µ2
− Ci
]
,
(19)
The Higgs vacuum fluctuations induce the false vacuum
decay but the W and Z bosons and the top quark fluc-
tuations stabilize the Higgs potential via the interaction.
Now let us rewrite the effective Higgs potential of Eq. (19)
by using the Unruh vacuum |0U〉. The renormalized vac-
uum fluctuations are proportional to the inverse of the
black-hole mass MBH and the Hawking temperature TH.
Thus, it is now evident that the effective Higgs potential
around evaporating black holes reproduce the thermal
case [62–66] and generally is stabilized. The Higgs po-
tential Veff (φ) including the vacuum fluctuations of the
various fields around evaporating black holes can be ap-
proximately written as,
Veff (φ) ' O
(
T 2H
)
φ2 +
λeff(φ)
4
φ4, (20)
where λeff(φ) is the effective Higgs self-coupling defined
by the effective potential Veff (φ) and the maximal field
value φmax can be given by [42],
φmax ≈ O (10)
√
V ′′eff (φ) ≈ O (1 ∼ 10) · TH & ΛI (21)
Thus, it turns out that the Hawking radiation generally
stabilizes the Higgs potential but it does not mean that
the Higgs vacuum is perfectly stable around evaporating
black holes. In the next section we discuss the the Higgs
vacuum stability around the black hole in more detail.
IV. THE FALSE VACUUM DECAY AROUND
EVAPORATING BLOCK HOLES
The false vacuum decay is usually analyzed by the Eu-
clidean or bounce solution where one idealize the system
that a bubble of true vacuum is surround by the potential
wall and false vacuum sea. The created vacuum bubble
expands eating other regions of false vacuum and a first
order phase transition is complete. The vacuum decay
ratio and critical bubble size can be determined by the
Euclidean solution or the instanton which capture the
catalysis induced by quantum fluctuations around the
vacuum [24, 25]. The analysis of the false vacuum decay
in flat spacetime is completely understood, but it is not in
curved spacetime. Taking into account quantum effects
of the gravity, induced vacuum fluctuations and gravita-
tional particle production occurs, and the process of the
false vacuum decay is expected to be different from what
is considered in flat spacetime. In [60], Coleman and de
Luccia (CDL) formulate the approach of the false vacuum
decay based on the instanton. The CDL instanton simply
describes a bubble nucleation in curved spacetime. The
decay rate of the vacuum in curved spacetime is given by
Γdecay (φ) = A exp(−B), (22)
where A is a prefactor and B is given by the action of
the bounce solution. Following [47–49, 99], we review the
false vacuum decay around the black hole. For simplicity,
we introduce two Schwarzschild geometry with different
cosmological constants separated by a thin wall tension,
ds2 = f(r)dτ2± +
dr2
f(r)
+ r2dΩ2,
f(r) ≡ 1− 2GM±
r
− Λ±r
2
3
, (23)
where τ± are different time coordinates, M± are different
black hole masses and Λ± are different cosmological con-
stants where we simply assume that Higgs false vacuum
has Λ+ = 0, and true vacuum has Λ− = −3/`2. In this
geometry, the bounce action with the black hole can be
given by [99],
B =
A+h
4G
− A
−
h
4G
(24)
+
1
4G
∮
dλ {(2R− 6GM+) τ˙+ − (2R− 6GM−) τ˙−}
where R(τ±) is the bubble radius and A±h are the black
hole horizon areas. The prefactor A can be estimated by
this bounce action B and the vacuum decay ratio includ-
ing the black hole can be roughly rewritten as [47],
Γdecay (φ) ≈
(
B
2pi
)1/2
(GM+)
−1
e−B . (25)
where B(M+/MP, φmax) depend on the black hole mass
M+ and the maximal field value φmax of the Higgs. If
the black hole mass approaches the Planck mass with
the Hawking temperature TH ≈ MP ≈ 1019 GeV where
MP is the Planck mass, a false vacuum decay around
black hole is sufficiently enhanced [47]. However, the
barrier of the Higgs potential is sufficiently lifted up by
the Hawking radiation from Eq. (21). Taking into ac-
count the back-reaction effects of the Hawking radiation
or the vacuum fluctuations around the black hole, the
decay rate is exponentially suppressed.
Generally, the analysis of the Euclidean methods or the
instanton is standard to investigate the false vacuum de-
cay. However, they are physically obscure and somewhat
suspicious in curved spacetime. Recalling that we have
7no unique vacua in curved spacetime (the Schwarzschild
spacetime has three well defined vacua, Boulware, Unruh
and Hartle-Hawking vacuum), different vacuum states
lead to different vacuum fluctuations and different de-
cay ratios. Thus, one needs to understand what kind of
process occurs in the vacuum collapse around the black
hole and consider an another derivation of the vacuum
decay rate without relying on the instanton.
Now, we provide another approach to investigate the
false vacuum decay around evaporating black holes by
using the renormalized two-point correlation function of
Eq. (15) in Unruh vacuum. This approach using the two-
point correlation function
〈
δφ2
〉
is consistent with the
instanton method [69–71] and extremely simple even in
the investigation of the false vacuum decay with taking
account of the gravitational effects.
Let us introduce the vacuum decay rate by using the
renormalized two-point correlation function. The proba-
bility of the local Higgs fields where the vacuum fluctua-
tions
〈
δφ2
〉
ren
exist can be given by [39],
P (φ) =
1√
2pi
〈
δφ2
〉
ren
exp
(
− φ
2
2
〈
δφ2
〉
ren
)
. (26)
By using Eq. (26), we can obtain the probability not to
exceed the hill of the Higgs potential as follows [39]:
P (φ < φmax) ≡
∫ φmax
−φmax
P
(
φ,
〈
δφ2
〉
ren
)
dφ,
= erf
 φmax√
2
〈
δφ2
〉
ren
 , (27)
where φmax is the maximal field value of the Higgs poten-
tial. Considering the probability that the localized Higgs
fields go into the negative true vacuum, the vacuum de-
cay ratio is estimated to be
Γdecay (φ) ≡ P (φ > φmax) = 1− erf
 φmax√
2
〈
δφ2
〉
ren
 ,
'
√
2
〈
δφ2
〉
ren
piφmax
exp
(
− φ
2
max
2
〈
δφ2
〉
ren
)
. (28)
Then, the constraint from the vacuum decay for the Higgs
field is represented by 6
NPBH · Γdecay (φ) . 1, (29)
where NPBH is the number of the evaporating (or evapo-
rated) primordial black holes during the cosmological his-
tory of the Universe. Substituting Eq. (28) into Eq. (29),
6 The detail analysis of the Higgs vacuum decay induced by ther-
mal fluctuations was investigated by [42].
we can simplify the constraint of the vacuum stability,〈
δφ2
〉
ren
φ2max
. 1
2
(logNPBH)−1 , (30)
in order not to induce a vacuum transition due to
large Higgs fluctuations. In the Unruh vacuum |0U〉
corresponding to the vacuum state around evaporating
black holes,
〈
δφ2
〉
ren
approximately take the value of the
Hawking temperature TH near the horizon. However,
at the infinity
〈
δφ2
〉
ren
attenuates rapidly and becomes
zero. Thus, we ontain the renormalized vacuum fluctua-
tions
〈
δφ2
〉
ren
around evaporating black holes as follows:〈
δφ2
〉
ren
' O (10−2 ∼ 10−1) · TH (r → 2MBH) . (31)
However, the most uncertain thing in the stochastic for-
malism is how to determine the volume factor of V. We
took V to be the volume of the domains in which the vac-
uum fluctuation
〈
δφ2
〉
ren
governs. By using Eqs. (21),
(30) and (31), we can estimate a constraint on the num-
ber of the evaporating primordial black holes as follows
NPBH · Γdecay (φ) '
NPBH
√
2
〈
δφ2
〉
ren
piφmax
exp
(
− φ
2
max
2
〈
δφ2
〉
ren
)
≈ NPBH · e−O(10
2∼3) . 1, (32)
where the left-hand side shows the number of the pri-
mordial black holes NPBH within the presently visible
part of the Universe which cause the Higgs vacuum col-
lapse. Thus, we obtain a new bound on the number of
the evaporating primordial black holes to be NPBH .
O (10 43∼434) which is extremely huge to threaten the
Higgs metastability.
Next, let us consider the upper bound on the yield of
the PBHs YPBH/ ≡ nPBH/s as follows,
YPBH =
nPBH
s
=
NPBH
s0/H30
. O (10−43) , (33)
where s0 denotes the entropy density at present (≈(
3× 10−4 eV)3), and H0 is the current Hubble constant
(≈ 10−33 eV). Note that YPBH is constant from the for-
mation time to the evaporation time.
It is convenient to transform this bound into an upper
bound on β, which is defined by taking values at the
formation of the PBH to be
β ≡ ρPBH
ρtot
∣∣∣∣
formation
, (34)
where ρPBH and ρtot are the energy density of the PBHs
and the total energy density of the Universe including
the PBHs at the formation, respectively. It is remarkable
that β means the number of the PBHs per the horizon
volume at the formation (β ∼ nPBH/H3). Then we have
a relation [100],
β ∼ 1030nPBH
s
(
mPBH
1015g
)3/2
. (35)
8ϕ / MP
V
ef
f(ϕ)
FIG. 3. The schematic diagram of the effective Higgs po-
tential including higher-order corrections of λ6, λ8 < 0. The
back-reaction of the Hawking radiation destabilizes the Higgs
potential at TH & ΛUV as shown by Eq. (38) and the second-
order transition occurs around the black hole.
Combining this relation with (33), we obtain 7
β . O (10−21)(mPBH
109g
)3/2
. (36)
This bound can be stronger than the known one for
mPBH . 109g [100]. Fortheremore, at the final stage
of the black hole evaporation, the black-hole mass MBH
becomes extremely small and the Hawking temperature
TH approaches to the Planck scale MP ≈ 1019 GeV.
Thus, the UV corrections of the beyond Standard Model
(BSM) and the quantum gravity (QG) can not be ig-
nored and undoubtedly contribute to the false vacuum
decay around the black hole. When the Hawking tem-
perature approaches to the Planck scale as TH → MP,
the contributions of the BSM and the QG determine the
stability of the vacuum. if these physics destabilize the
Higgs potential at the high energy, even a single evapo-
rating black hole cause a vacuum decay of the Universe.
Now, we consider the effective Higgs potential includ-
ing corrections of the BSM and the QG. For convenience
we add two higher dimension operators φ6 and φ8 via the
UV physics to the Higgs potential as follows,
Veff (φ) =
λeff(φ)
4
φ4 +
λ6
6
φ6
Λ2UV
+
λ8
8
φ8
Λ4UV
+ · · · , (37)
where λ6 and λ8 are dimensionless coupling constants.
These contributions of λ6 and λ8 are usually negligible
except for the large field excursion φ ≈ ΛUV although
they can affect the false vacuum decay through quantum
tunneling [19–22]. However, in the final evaporation of
the black hole where TH → MPl, these quantum correc-
tions of λ6 and λ8 can not be neglected and have a strong
7 The Hawking temperature is TH = 1.058 (10
13g/mPBH) GeV.
impact on the vacuum stability. As previously discussed
in Sec. IV, the effective potential is modified by vacuum
fluctuations around the black hole and can be given as,
Veff (φ) ' O
(
T 2H
)
φ2 +
λeff(φ)
4
φ4
+
λ6 · O
(
T 4H
)
6Λ2UV
φ2 +
λ8 · O
(
T 6H
)
8Λ4UV
φ2 + · · · ,
(38)
which destabilizes at TH ≈ ΛUV when these dimension-
less couplings are negative λ6, λ8 < 0. In this case the
derivative of the Higgs potential becomes negative as
∂Veff (φ)/∂φ < 0, the local Higgs fields around the black
hole classically roll down into the negative Planck-scale
true vacuum (see Fig. 3) and the Higgs Anti-de Sitter
(AdS) bubbles whose sizes are about the black-hole hori-
zon are formed. Not all Higgs AdS bubbles threaten
the Universe, which highly depends on their evolutions
(see Ref.[39, 51] for the detail discussions). However, the
Higgs AdS bubbles generally expand eating other regions
of the false vacuum and finally consume the entire Uni-
verse. Thus, even a single evaporating black hole within
the presently visible part of the Universe can cause a
vacuum decay of the Higgs at TH ≈ ΛUV although this
possibility strongly depends on the BSM or the QG and
the detail of the evaporation of the black hole.
V. CONCLUSION
In this paper, we have investigated the electroweak
vacuum stability around evaporating black holes. First,
following [72] we have confirmed that the Unruh vacuum
|0U〉 is an appreciate vacuum state to describe the evapo-
rating black hole. Then, we have provide a new approach
to investigate the false vacuum decay around the black
hole using the renormalized vacuum fluctuations
〈
δφ2
〉
ren
in the Unruh vacuum |0U〉. Clearly, we have shown how
vacuum fluctuations of the Higgs field induce a collapse
of the electroweak vacuum.
Furthermore, we have pointed out that back-reactions
of the Hawking thermal radiation can not be ignored and
the Higgs potential is generally stabilized by the vacuum
fluctuations around the black hole which was ignored in
previous works of the Higgs vacuum stability. Incorporat-
ing the back-reaction effects and reanalyzing the stability
of the Higgs vacuum around the black hole, the stability
conditions approximately reproduce the one for the ther-
mal situation. Thus, one evaporating black hole does
not cause serious problems on the standard model Higgs
vacuum. However, a large number of the evaporating
(or evaporated) primordial black holes still threaten the
vacuum and we have obtained a new bound on the evap-
orating PBH abundance β . O (10−21) (mPBH/109g)3/2
not to induce a collapse of the Universe.
Finally, we have discussed a possibility at the final
stage of the evaporation of the black hole where the black-
9hole mass MBH becomes extremely small and the Hawk-
ing temperature approaches the Planck scale MP. Thus,
the Planck scale physics or the beyond Standard Model
(BSM) directly may intervene and have a strong impact
on the vacuum stability around the black holes. Our dis-
cussion will be changed if the Planck-scale physics or the
BSM destabilize the Higgs potential.
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